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Abstract 

We prove new L 2 -estimates and regularity results for generalized porous media 
equations "shifted by" a function-valued Wiener path. To include Wiener paths with 
merely first spatial (weak) derivates we introduce the notion of "£-monotonicity" for 
the non-linear function in the equation. As a consequence we prove that stochastic 
porous media equations have global random attractors. In addition, we show that (in 
particular for the classical stochastic porous media equation) this attractor consists of 
a random point. 
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Introduction 

In recent years there has been quite an interest in random attractors for stochastic partial 
differential equations. We refer e.g. to [8], [9], [10], [H], [15], p], [26], [35], but this list is 
far from being complete. The study of a new class of stochastic partial differential equations, 
namely stochastic porous media equations was initiated in [16] and further developed in [T7] . 
as well as in a number of subsequent papers (see Sect. 1 below for a more complete list). 
So far, however, random attractors for stochastic porous media equations have not been 
investigated. 

The purpose of this paper is to analyze or even determine the random attractor (in the 
sense of [UJ, [TJ], [15]) of a stochastic porous medium equation over a bounded open set 
A C R d of type 

(0.0) dX t = A($(X t ))dt + QdW t , t > s, 

where t, s G M, A is the Laplacian, $ : M. — > M is continuous, $(0) = 0, and $ satisfies certain 
coercivity conditions and (Wt)t>o is a function valued Wiener process on a probability space 

(n,r,p). 

To state our results precisely, we need to recall some of the underlying notions and 
describe the set-up. This we shall do in Section 1 below. Here we only briefly describe some 
of the main analytic results we have obtained and which are crucial for the probabilistic 
part, more precisely, for the proof of the existence of a global (compact) random attractor 
for flDTOj) . 

As explained in detail in the next section a fundamental property to be established is the 
cocycle property for the random dynamical system (cf. [21 [22]) given by the solutions to (10. Op 
for all u G Q (outside a set of P- measure zero), all times s,iGl and all initial conditions 
x G H (= the Hilbert space carrying the solution-paths to (10. Op ). 

Therefore, we have to restrict to additive noise and transform equation (10. Op by the usual 
change of variables 

Z t := X t - QW t (u) 

to the equation 

(0.1) dZ t = A$(Z t + QW t (u))dt, t > s, 
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for u) G Vt fixed, i.e. to a deterministic partial differential equation with time dependent 
nonlinear coefficient and fixed parameter u G Q. The analysis of this equation is hence 
purely analytic. Our main results are the regularity Lemma 3.3 and the estimate on the 
L 2 -norm of the solution to (10 .11) in Theorem 3.1. These results are crucial for the existence 
proof of a random attractor for HO .01) and in particular the latter gives an explicit control of 
the uj- dependence. To get this estimate on the L 2 -norm of the solution to (10.11) we introduce 
the new notion of "C-weak monotonicity" (cf. Hypothesis 1.1 below) for the function $, 
which seems to be exactly appropriate for our purposes. We distinguish two cases, namely 
QW t G Hq ,p+1 (A) and the much harder case when QW t G H„' P+1 (A). For details we refer 
to Sections 2 and 3 below. We would, however, like to emphasize that these analytic results 
are of interest in themselves and bear potential for further applications besides merely the 
analysis of random attractors. 

On the basis of the estimates obtained in Sections 2 and 3 we can then use a standard result 
from [T3] to prove the existence of a global (compact) random attractor for (10. Op in Section 
4. 

In Section 5 under a different (more restrictive, see Remark 15.1 1) set of assumptions on $ we 
prove that the random attractor exists and is just a random point by a different, but very 
direct technique. We conclude this paper by some short remarks on computational methods 
in Section 6. 

1 Basic notions and framework 

Equation ( 10.01) has recently been extensively studied within the so-called variational approach 
to SPDE (cf. e.g. pq, [5], [6], [7], [T7], [25], [321 Example 4.1.11], [33], [M], [38], we also refer 
to [3], [37] and the references therein as background literature for the deterministic case). 
The underlying Gelfand triple is 

(1.1) VcHcV*, 

where V := L P+1 (A), p > 1, H :— Hq(A)*, with Hq(A) being the Sobolev space of order one 
on A with Dirichlet boundary conditions. We emphasize that the dualization in ( 11.11) is with 
respect to H, i.e. precisely 

V C H = H*(= #o(A)) C V*, 

where the identification of H and H* is given by the Riesz isomorphism, ||w||#i := J A | Vit|^ d d£, 
u G i^o(A), and \\-\\ H is its dual norm. Here |-| R d denotes Euclidian norm on M d and below 
(•, -) K d shall denote the corresponding inner product. By ||-|| we will denote the L p -norm. 
Further, for r G N,p > 1 let Hq P (A) denote the usual Sobolev space of order r in L P (A) with 
Dirichlet boundary conditions. 

We take Q and the Wiener process W t of the following special type. W = (/3^\ . . . , (3^) 
is a Brownian motion on R m defined on the canonical Wiener space (f2, J 7 , (J-"t), P), he. 
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Q := C(R + ,R m ), Wt(u>) := u>(t), and (J 7 *) is the corresponding natural filtration. As usual 
we can extend W t (and F t ) for all t G R (cf. e.g. [321 p. 99]). Q : R m H is defined by 

m 

Qx = 2^ X j L Pv X = • • • ' G R"\ 

J'=l 

for fixed <^i, . . . , <£> m G Cjjj(A) (c £ 2 (A) C H). Here Cj(A) denotes the set of all continuously 
different iable functions with compact support in A. 

The existence and uniqueness of solutions for (10. Op under monotonicity and coercivity 
conditions on $ is well-known even under much more general conditions than will be used 
here (see [33], [5]). We will always assume the continuous function $ : M — > R to satisfy the 
following conditions: 

(Al) Weak monotonicity: For all t, s G R 

- $(s))(t- s) > 0. 

(A2) Coercivity: There are p G [1, oo), a G (0, oo), c G [0, oo) such that for all s G R 

$(s)s > a\s\ p+1 -c. 

(A3) Polynomial boundedness: There are c%, c-i G [0, oo) such that for all s G R 

|$(*)| <C 1 \S\ P + C 2 , 

where p is as in (A2). 

Here and below the notion of solution to (10. Op is the usual one (cf. [32l Definition 4.1]). 
We recall that in particular 

(1.2) E I \\X t \\ p p X\ dt < oo for all T > 0, 

Jo 

with p as in (A2), (A3). 

In order to obtain the existence of a random attractor we need slightly more restrictive 
dissipativity and coercivity conditions on $. We will prove existence under two sets of 
assumptions. In the first case we need to assume stronger regularity of the noise, i.e. QW t G 
Cq(A), while in the second we allow QW t G Cq(A), but require stronger assumptions on the 
non-linearity $. 

Hypothesis 1.1. Assume ipj G Cq(A), 1 < j < m, thus QW t G Cq(A). Let further 
( : R — > R, C(0) = be a function such that 



4 



(Al)' (-Weak monotonicity: For allt,s G R 

m)-Hs))(t-s)>(at)-c(s)) 2 - 

(A2)' (-Coercivity: Forp,a,c as in (A2) and for all s G R 

C(s) 2 > a\s\ p+1 - c. 

Remark 1.2. Note that we do not assume £ (hence <&) to be stricly monotone. Furthermore, 
we note that the first inequality in (A2)' follows from (Al) 7 since $(0) = = C(0)- 

Remark 1.3. In case of a continuously differentiable nonlinearity $ ; (more precisely, it 
suffices to assume that $ G H^ C (R)) it is easy to find a candidate for Namely, we simply 
define 



;i.3) C(«) := / VWjdr, s G 

Jo 



Then by Holder's inequality (Al)' holds. Therefore, to ensure that also (A2)' holds we only 
need to assume that for some a G (0, oo), c G [0, oo),p G [1, oo) 



1.4) (J y/&(rjdr\ > a\s\ p+1 - c Vs G 



Conversely, this produces a lot of examples for $ satisfying (A1)',(A2)',(A3). Simply, take 
( : R — > R continuously differentiable and non- decreasing with £(0) = and sttc/i taai /or 
some a G (0, oo); c, Ci, c 2 G [0, oo),p G [1, oo), 

( 2 {s) > a\s\ p+1 -c, C'(«) < cils] 2 ^ +c 2 VsGR. 

Taen define 

$(s) : = A (C'(r)) 2 rfr, s G R. 
./o 

In particular, $(s) := s|s| p_1 arises this way (cf. also Section 5 below). In this case we have 

Hypothesis 1.4. Lei y?j G Cq(A), 1 < j < m. Assume further that $ G C 1 (M) ; satisfying 
(P3D suc/i i/iai 

(1.5) $'(r) > /or almost all r G R, 
and taat /or some ci G [0, oo) 

(1.6) $'( s ) < cids)^ 1 + 1) VsgR, 
where p is as in (11.41) . 
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Example 1.5. Let 6 > and 

, for r < —5 
$(r) := {0 , for \r\ < 5 




Then $ £ H^(M.) and by Remark \1.3\ Hypothesis \1.1\ holds with p = 3. Hypothesis \1.4 
however, does not hold. 

In Remark 11.31 we have already obtained 

Lemma 1.6. Assume tpj £ Cq(A), 1 < j < m. T/ien Hypothesis \1.4\ implies Hypothesis \1.1\ 
with 



CO) := / V $ 'OK, sei 
Jo 

Remark 1.7. (^'J There is a set Qq C f2 of full measure such that for each p > 1, u £ 
Q , ||V(gW t (o;))||; and («/ QWi £ C 2 ; ||A(gWi(a;))||J are of at most 

polynomial growth as \t\ — > oo. 

(ii.) We shall largely follow the strategy of f75]/ . in which similar assumptions on Q, hence 
on the noise QW are made. The condition that each ipi should be in Cq(A) (Cq(A) 
resp.) can be easily relaxed to QWt £ Hq ,p+1 (A) (QWt £ Hq' p+1 (A) resp.) and is 
imposed here for the sake of simplicity only. 

In the following let Ai denote the constant appearing in Poincare's inequality, i.e. for all 
/ G #o' 2 (A) 

Ai / f(x) 2 dx< [ \Vf(x)\ 2 dx. 



For t > s and x £ H, X(t, s,x) will denote the value at time t of the solution X t of (10. Oft 
such that X s = x. 

We now recall the notions of a random dynamical system and a random attractor. For 
more details confer (2J HU [15]. Let J 7 , P), (9 t )teK.) be a metric dynamical system over a 
complete probability space (tt, T, P), i.e. (t, cj) >->■ #t(^) is B{R) <S> J r /J r -measurable, #0 = 
id, 6 t + s — &t° &s and 9 t is P-preserving, for all s, t £ PL 

Definition 1.8. Lei (H,d) be a complete separable metric space. A random dynamical 
system (RDS) over 8 t is a measurable map 

(p:R + x H x ft ^ H 

(t, x, oS) (-> (p(t, oj)x 

such that <p(0,u) = id and tp satisfies the cocycle property, i.e. 

ip(t + s, u) = ip(t, 9 s u) o cp(s, oj), 

for all t, s £ M + and all u £ Q. ip is said to be a continuous RDS ifF-a.s. x h- >■ tp(t,u)x is 
continuous for all t £ M + . 
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With the notion of an RDS at our disposal we can now recall the stochastic generalization 
of notions of absorption, attraction and f2-limit sets. 

Definition 1.9. Let (H,d) be as in Definition 1.7 

(i.) A set-valued map K : Q — > 2 H is called measurable if for all x G H the map 
u i — y d(x, K(u))) is measurable, where for nonempty sets A,Be2 H we set d(A,B) = 
sup inf d(x,y) and d(x,B) = d({x},B). A measurable set-valued map is also called a 

random set. 

(ii.) Let A, B be random sets. A is said to absorb B if F-a.s. there exists an absorption 
time £b(cj) > such that for all t > ^(cu) 

<f(t,e- t cu)B(9_ t u) C A(cu). 

A is said to attract B if 

d(tp(t,6- t u)B(6- t u),A(u)) >-0, F-a.s. . 

t— >oo 

(Hi.) For a random set A we define the Q-limit set to be 

OiM := f)\J<p(t,0_ t u)A(0_ t u). 

T>0t>T 

Definition 1.10. A random attractor for an RDS tp is a compact random set A satisfying 
F-a.s. 

i. A is invariant, i.e. (f(t,u)A(u) = A(6 t u) for all t > 0. 

ii. A attracts all deterministic bounded sets B C H . 

The following proposition yields a sufficient criterion for the existence of a random at- 
tractor of an RDS tp. We also refer to [27] for a different approach based on ergodicity, which 
however seems less suitable for our case. 

Proposition 1.11 (cf. pj)], Theorem 3.11). Let ip be an RDS and assume the existence of a 
compact random set K absorbing every deterministic bounded set BOH. Then there exists 
a random attractor A, given by 

A{u) = |J n B ( w ). 

BCH, B bounded 
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From now on we take H := Hq(A)* with metric determined by its norm || • \\h- Since we 
aim to apply Proposition II . 1 1 1 to prove the existence of a random attractor for (10. Op . we first 
need to define the RDS associated to (IQ.Op . We take (f2, J 7 , P) to be the canonical two-sided 
Wiener space, i.e. Q = Co(R, R m ) and 6 t to be the Wiener shift given by 9 t u := u(t+-)—u(t). 
As in [15} PP- 375-377] we consider Y(t,s,x) := X(t,s,x) — QW t . Then we have for all 
sgR,iG #,P-a.s.: 

Y(t, a,x) = x- QW S + J A$(Y(r, s, x) + QW r )dr, Vt > s. 
We can rewrite this as an w-wise equation: 

(1.7) Z t (u)) = x- QW s (u) + J A u {r, Z r (u))dr, Vt > s, 

where A^(r, v) : = A$(t> + QW r (u)). Since for each fixed u G Q, : V — > V* is hemicon- 
tinuous, monotone, coercive and bounded we can apply [32}, Theorem 4.2.4] to obtain the 
unique existence of a solution 

(1.8) Z(t, s, x, u>) G L*£{[s, oo); V) n C([s, oo), if) 

to (11.7]) for all x G if, u G f2, s G R and its continuous dependence on the initial condition 
x. We now define in analogy to [Tj 



5(t, s, w)x := Z(t, s, x, w) + QWt(co), s,t El; s<t 
(1.9) p(t, cj)x := 5(t, 0, w)x = Z(t, 0, x, u) + QWi(w), t > 0. 

By uniqueness for flO.Op S(t, s,u)x is a version of X(t, s,x)(u), for each x G if, s G R. For 
fixed s, w, x we at times abbreviate s, w)x by St and Z(t, s, x, ui) by Z t . By the pathwise 
uniqueness of the solution to equation fl 1.7ft we have for all u G Q, r, s, t G R, s < r < t, 

(1.8') S(t, s, uj) = S(t, r, u)S(r, s, w) 

(1.8") S(t,s,u) = S(t-s,0,e„u). 

The joint measurability of tp : M + x H xQ H follows from the construction of the solutions 
Z t (for details we refer to [2TJ). Hence tp defines an RDS. We can thus apply Proposition II. Ill 
to prove the existence of a random attractor for tp. For this we need to prove the existence of 
a compact set K(u), which absorbs every bounded deterministic set in ff , P-almost surely. 

This set will be chosen as K(u) := B L 2(0, k(u)) , where B L 2(0,k) denotes the ball with 
center and radius k in L 2 . Note that since <p(t,9_ t uj) = S(t,0,9- t uj) = S(0, —t, u), this 
amounts to proving pathwise bounds on S(0, —t, u)x in the L 2 -norm, where we use the 
compactness of the embedding L 2 (A) ff . In order to get such estimates we consider 
norms \\-\\ H on ff such that \\-\\ H t II"IIl2, as a J, 0. These are defined as the dual norms 
(via the Riesz isomorphism) of the norms 



Hq(A) 3 (a J \Vu\ 2 d£ + J u 2 d£ 



1/2 
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Then for s < t we have (see e.g. [M| Theorem 2.6 and Lemma 2.7 (i),(ii)]) for a := - 

(1.9) HZtll^ = II^H^+2 / ($(S , r ),n(l--A)- 1 Z r -nZ r )rfr, 

where for /, # : A — » R measurable we set 

(/,<?} := I fgd£ 
J A 

if \fg\ G L X (A). We shall use ( II .9p in a crucial way several times below. 

2 Estimates for ||*Si||# and bounded absorption 

In this section we construct bounded random sets that absorb trajectories with respect to 
the weak norm || • ||#. For these estimates only the standard assumptions (A1)-(A3) are 
needed. 

Theorem 2.1. Let (3 G (0,oo), with f3 < |, if p = 1. Then there exists a function : 
R x Q — > ]R + such that p^f\t, •) is J 7 -measurable for each t el, P\{ m i oj) is continuous and 



of at most polynomial growth for \t\ — > oo, to G Cl and for all x G H , co G f2o (cf. Remark 1/7 
(%)), s G R: 

(2.1) \\Z(t 2 ,s,x,uj)\\ 2 H < \\Z(t u s,x,uj)\\ 2 H -p [ \\Z(r,s,x,u)\\ldr+ [ p[®(r,u)dr, 

Jtl Jtl 

for all s <t\ < t 2 . 

Proof. We fix x,u,s and set Z r := Z(r, s,x,u), S r := S(r, s,u)x for r > s. All constants 
appearing in the proof below are, however, independent of x, u and s\ 
Since for s < t\ < t 2 

\\Zt 2 \\ 2 H =\\Z tl \\ 2 H -2 [\z r ,^(S r ))dr, 

Jti 

we have for dr— a.e. r G [s, oo) by (A2) 



|Z r ||i = -2(Z r ,$(5 r )) 



All 

= -2(5 r -QW;,$(S r )) 

= -2<S r ,$( 1 S r )) + 2(QW r ,$(S r )> 

< -2a I \S r \ p+1 d£ + 2 [ (\QW T $(S r )\+c)d£. 

J A J A 
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By Young's inequality, for arbitrary e > and some C e {— C e (p) ) , G\ , Ci G R we have by 
(A3) 

J \QWMSrM< J (c e \QW r \ p+1 + emS r )\^d£ 

< eC^Srf+l + C e \\QW r \\ p p X\ + eC 2 |A|, 
where |A| := f A d£. Thus by choosing e = we obtain for dr-a.e. r G [ti,^] 



< -all^rlKi + ^11 QWr\\l%[ + 2|A|(c + C 3 ). 



where := 



Now, if p > 1, then for each (3 > we can find a (7/3 such that for all y G M. one has 
a\y\ p+1 > 2/5 1 2/ 1 2 — Cp. If p = 1, then we have the same, provided (3 G (0, |]. We obtain 

all^HS > 2/3\\S r \\ 2 2 - \A\C P = 2/3\\Z r + QW r \\\ - \A\C P > (3\\Z r \\l - 2^\\QW r \\\ - \A\C P . 
Hence for 

pf\r u>) = { 2/311 QWr ^ + |A|C</3 + °^ QWr ^ + 2|A|(C + C *) ' if U E n ° 
1 , otherwise 

we obtain for dr-a.e. r G [ti,^] 

±\\Z r \\l<-P\\Z r \\l+p?\r,u;). 

and the assertion follows. □ 

Corollary 2.2. Lei /3 G (0,oo), wif/i < ^ if p — 1 and let i 6 M, TTien i/iere exists an 
J- '-measurable function qf^ : Q — > R, sitc/i i/iai /or a// £ G if, cj G fio <™d s < t 

(2.2) ||Z(f , S , x, u)\\ 2 H < q[ W (cj) + ||Z(s, s, x, u) f H . 

Proof. Since the embedding L 2 ^ H is continuous, there is a constant c > such that 
\\ v \\h — c IMI2' f° r au u -^ 2 - Hence by Theorem 2.1 



d ri|7 II 2 ^ < _^ 117 i|2 , J/?), 



|Z r ||^) < — ^ II^Hh +Pi (r, cu) dr-a.e. on [s, t]. 



Hence by Gronwall's Lemma the assertion follows with qf'*(u;) := e ^* r ^pi(r,oo)dr. □ 

Corollary 2.3 (Bounded absorption). Lei t £l. TYien £/iere an J 7 -measurable function 
qf : f2 — t- R snc/i i/iai /or eac/i > i/iere is an s(g) < t such that for all 00 G f2 , a; G Lf 
|| a; || H < 

Z(t, s, x, u) G Bh{0, qf\u)), for all s < s(g) 
i.e. there exists a bounded random set absorbing (Z t ) at time t. 
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Proof. Let /3 :— §. By Corollary 12. 2[ we have for j3 



\ZA\ 2 < e-^- s) \\Z t 



09.*) 



<2 e -^)(||x|| 2 H +||Q^||J r ) + g ?' t) 
<2oV^ + 2e-^*" s ) ||QW S |& + g?' , 
for all t > s. Hence the result follows with 

q® : = 1 + q [M + 2sup(e* s) 

and s(#) < i chosen so that 2g 2 e~^^~ s " > < 1 for all s < s(g). □ 
We will need the following auxiliary estimate. 

Corollary 2.4. There is an J 7 -measurable function q : Q — > IR + suc/i £/iai /or eac/i o > 
there exists s(g) < —1 such that for all u G f2 , x E H with \\x\\ H < g 

r-0 



\\S(r, s, uj)x\\ 2 dr < q(oj) for all s < s(g). 



-l 

Proof. Using (12. ip in Theorem 2.1 with ti = — 1, t 2 = and then using Corollary 12.31 for 
t = — 1 yields for j3 = f and s < s(g), where s(g) < —1 is as in Corollary 2.3, 

\\S(r,s,u)x\\ 2 2 dr <2\\Z(-l,s,x,u)\\ 2 H + 2 / pf(r, u)dr + 2(3 / \\QW r (cu)\\ 2 2 dr 
< 0q{co), 

where q(u) := fg{" 1} M + § J^p? \r, u)dr + 2 \\QW r (u)f 2 dr. □ 

3 Estimate for ||5t|| 2 and compact absorption 

In this section we utilize the stronger assumptions from Hypothesis 11.11 and 11.41 in order 
to obtain absorption with respect to the strong norm || ■ 1 1 a . By the compact embedding 
L 2 (A) ^ H this will prove the required compactness properties. 

Theorem 3.1. Suppose that either Hypothesis \1.1\ or Hypothesis 1.4 holds. Let a > 0, with 
a G (0, ^l 1 ] if p = 1. Then there is a function p 2 '■ K x f2 — y R such that p 2 a \t,-) is 
J 7 -measurable for each t G R, p 2 a \-,uj) is continuous and of at most polynomial growth for 



\t\ — > 00, u G Q and for all x G L 2 (A),u G f2 (cf. Remark 1.1 (%)), s G 



(3.1) \\Z(t 2 ,s,x,u)\\l < \\Z(ti,s,x,u)\\ 2 2 - a f \\Z(r, s,x,u)\\ 2 2 dr + f p 2 a \r,u)dr 

Jt\ Jti 

for all s <t\ <t 2 . 

In particular, t Z t is strongly right continuous in L 2 (A). 
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Proof. Again we fix x, u, s and use the abbreviation Z r := Z(r, s, x, u), S r := S(r, s,u)x for 
r G [s, oo). But all constants appearing in the proof below are independent of x, u and s. 
Case 1: Assume Hypothesis 11.11 

Let t\ > s such that Z tl G L 2 (A) and > t\. ( 11.911 implies 



(3.2) \\Z t2 f Hl = \\Z tl \\ 2 Hl +2 [ 2 mS r ),n(l-^A)- 1 S r -nS r )dr 

-2 [ a ms r ),A(l-±A)- 1 QW r )dr. 



We now recall a formula given in [311 Lemma 5.1 (ii)]. Let q, q' > 1 such that - + = 1 



/ G L q (A), g G L g ' (A) and p n (£> <^0 the kernel corresponding to (1 — ^A) 1 (cf. [MJ Lemma 
5.1 (i)]). Using the symmetry of (1 — ^A) _1 in L 2 (A) we obtain 

(f, g -(i-±A)- i g) = l [ f(ni)-m)Mi)-g(t))Pn{t,d£)dt 



A J A 



+ /(l - (1 - iA)^l)«. 

J A 



Using this and proceeding analogously to the calculation following formula (5.6) in [31] yields 
for dr-a.e. r G [s, oo) 

($(SV), n(l - ^A)- 1 ^ - nS r ) = -n{*{S r ), S r - (1 - ^A)- 1 ^) 

n 

~ ~ 2 




A 



[*(5 r (0) - S(S r (0)][S r (0 " 5 r (0]Pn(e,dC)de 

n / (1 - (1 - -A)- 1 l)$(5' r )5' r ^ 
A n 




< -f / / (c(5r(e))-cTO)) 2 R,(e,tio* 



A JA 



-n / (i - (i - -Anas;,) 2 ^ 

= -n(C(SV),(l-(l--A)- 1 )C(SV)> 

= -f (B) (C(5 , r),C(5'r)), 

where (£ (n) , V(S (n) )) is the closed coercive form on L 2 (A) with P(f W) = H%(A) and gener- 
ator n{\ - (1 - ^A)" 1 ) = A(l - ^A)" 1 . We obtain from Q : 



(3.3) ||Z t2 ||^ +2 [ 2 S^(aS r ),C(Sr))dr 

< \\Z tl f Hi -2 r^C^ACl-iArWrJdr. 
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Hence 
(3.4) 



Next we prove an upper bound for the second term on the right hand side of ( 13. 3p . Note 
that we shall make use of the assumption QW t G Cq here. Using Young's inequality and 
(A3), for all e > and some C e , C±, C 2 > we obtain for dr-a.e. r G [s, oo) 

\($(S r ), A(l - -A^QWr)] = \mS r ), (1 - -A)~ 1 AQW r )\ 

TX TX 

<e [ mS r )\ P -¥d£ + C t [ \((l--)- 1 AQW r )\ p+1 d£ 
Ja Ja n 

<eC 1 \\S r \\l+l + C e \\AQW r \\ p p X 1 1 + C 2 . 
\\Z t2 f Hl +2 £^(aS r )X(S r ))dr 

n Jti 

< \\Z tl \\l + 2 [eC 1 \\S r \\ll\ + C e \\AQW r \\ p p X{ + C 2 \dr<oo. 

We note that by (JHHJ) the right hand side of (E20) is indeed finite. Since £ {n) {({S r ), £(S r )) 
is increasing in n, we conclude that sup £^ n \((S r ), ((S r )) < oo for dr-a.e. r G [£i,oo). By 

rigPJ 

(A2)' and (A3) we know that for some c±, c 2 > 

C(s) 2 < $(s)s <ci|s| p+1 + c 2 |s|. 

Since 5 r G L P+1 (A) this implies ((S r ) G L 2 (A) for dr-a.e. r G [£i,oo). We now recall the 
following result from the theory of Dirichlet forms: Let (S, T>(£)) be the closed coercive form 
on L 2 (A) given by £(f,g) = f A (Vf,Vg) R *d£ for f,g G D(£) = ^(A). From [281 Chap. 
I, Theorem 2.13] we know for / G L 2 (A), that / G V(£) = H%(A) iff sup£ (n) (/, /) < oo. 

neN 

Moreover, lim £ {n) (f,g) = £(f,g) = f A (V/, V#) K dd£ for all f,gE V{£). Hence we obtain 
for dr-a.e. r G [ti, oo) that C(>Sr) G T>(£) = Hq(A) and that 

lim £^(C(S r )X(S r ))=£(aSr)X(Sr))= [ \ V((S r ) | 2 d di. 
Using Fatou's lemma and taking n — > oo in (13.41) yields 
(3.5) ||^||2 + 2 f 2 / \V((S r )\ 2 Rd dZ dr 

Jti J A 

< \\Z tl \\ 2 2 + 2eC 1 ^ \\S r \\lX\dr + f\c e \\ AQW r \\% + C 2 )dr. 

Ju Ju 



Since Z s = x - QW S G L 2 (A), for all ti > s we obtain Z tl G £ 2 (A) and thus ( |3~5l) holds for 
all ^2 > ^i > s. 
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Choosing e = f^-, applying Poincare's inequality and using the fact that if p > 1 for each 

a > we can find C a > such that for all y G R one has aAi|y| p+1 > 2a|y| 2 — C a ; the same 
is true for p — 1, if a G (0, ^f 1 ]. We obtain from (A2)' that 

\\Z t2 \\l<\\Z tl \\ 2 2 -2\i [ 2 \\C(S r )\\ldr + a\ 1 \\S r \\ p p Hdr + [ \c e \\AQW r \\ p p X{ + C 2 )dr 

<||Z tl |g-aA! \\S r \\ p P t\dr+ f \c e \\AQW r \\ p p X\ + C 2 + c)dr 

Jt! Jt\ 

<\\Z tl \\ 2 2 -2a [ 2 \\S r \\jdr+ [ * {C e \\ AQW r \\ p p + + \ + C 2 + c + C a )dr. 



Now 
whence 



\Z r \\\ = \\S r - QW r \\l < 2 (\\S r \\ 2 2 + \\QWrWl) 



rt2 rt2 

(3.6) \\Z t2 \\l < \\Z tl \\l ~ a / \\ Z r\\ldr+ Pz(r,u)dr, 

for a > arbitrary and 



(„), , \C,\\AQW r f+\ + C 2 + c+C a + 2a\\QW r \\' 2 ,ifwen 
" (r '" ):= \0 ,ebe. 

To obtain right continuity of Z t in L 2 (A) first note that by (I3.5I) applied for t± = s and 
continuity of Z t in H we obtain weak continuity in L 2 (A). Now for t n 4 t by (I3.5P applied 
to ti = t we obtain 

limsup \\Z tn \\l < \\Z t \\ 2 2 ; 

n— >oo 

which implies the right continuity of Z t in L 2 (A). 



Case 2: Assume Hypothesis II .4! 

Let ( be as defined in Lemma II. 61 and again let t± > s such that Z tl G L 2 (A) and 
t 2 > t\. In order to prove 03. ip in the case QW t G Cg(A) we need to be more careful when 
bounding the second term on the right hand side of 03. 3p . For this we need the regularity 
result proved in Lemma I3.3I below, which implies that for every e > there exist constants 
C t , C t (= C t (p), C t (p)) such that for dr-a.e. r G [s, oo) 

-(${S r ), A(l - -Ay'QWr) = (V$(S r ), V(l - -Ay'QWr) 
n n 

p+l l 

(3.6') < e||V$(5' r )||^ + C e ||V(l - -ArWrlC! 

<e\\V^S r )\\%+C e \\VQW r f P X\- 
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Now using Lemma 13.31 and (13.6'l) with e = 1 in (13. 3p yields for some constants c, C G 
IZJ^ / 2 ^(C(^),C(^))rfr 



< 11^11*! +2 



*2 



^cH^I^ + C / 2 (||Vg^ r ||^ + l)rfr<cx) . 
Jti 



p+i 



1^^)11^ + awvQWrWSl 



dr 



Now we can proceed as after (13.41) to deduce C(SV) G = -^d(A) and 

lim£W(C0SV),C0SV))= / |VC(5 r )|^de, 



for dr-a.e. r G [s, oo). Since $'(r) > 0, £(s) = f* \J WJr)dr is C 1 (M) with continuous inverse 
C -1 . Thus 



px px 

$(x) = / $'(r)dr = / \/§'(r)^J§'(r)d7 
Jo Jo 



C(«) 



where F(s) := f Q s s /¥{^ = Hr))dr. Since F G ^(R), C(S r ) G ^(A) for dr-a.e. r G [s, oo) 
and F'{((S r ))V((S r ) = ^/¥(SrjV((S r ) G L X (A) (by (1.4)), we have $(S r ) = F(((S r )) G 



Hq (A) for dr-a.e. r G [s, oo) with 

(3.7) V$(SV) = v / $ 7 (^)VC(5 r ) G L X (A). 

By (A2)' and ( 11.6j) there are some constants C\,Ci such that 



C'(r)^ <C 1 C(r) 2 + C 2 . 

Using (13. 7p and then Young's and Poincare's inequalities, for some constant C (which may 
change from line to line) we have for dr-a.e. r G [s, oo) 

iiv*(s r )iii= / |v$(5 P )i^de= / |^/n^)vc(5 r )| £ ^ i ^ 

p </A </A 

(3.10) = | |C'(5 r )VC(5 r )|^^< ||VC(5 P )||5 + C | ICWI 2 ^* 

< livc(s r )||* + c\\((s r )\\t + c < c\\v((s r )\\l + a 

We can now go on with bounding the second term on the right hand side of (13.31) as follows: 
f|3.6'l) and (13. 10[) imply that for dr-a.e. r G [s, oo) 



p+i 



$(SV), A(l - -A) _1 QWr) < e\\V^(S r )\\^ + C e \\VQW r \\£\ 



n 



(3.11; 



< eC^VCiSMi + eC 2 + C £ \\WQW r \\l + + \ 
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Using this with e = ^- in (I3.3P and letting n — > oo yields for some constant C 
(3.12) \\Z t2 \\l + [ t2 \\VaS r )\\ldr<\\Z tl \\l + 2C f\l + \\VQW r \\ p p + + \)dr. 

Jtl Jt x 

Now we can proceed as done in the proof of Case 1 after (13. 5p . □ 

Remark 3.2. As indicated before the arguments in the proof can easily be generalized to 
noise QW t G H 2 ' P+1 (A) (QW t G Hq' p+1 (A) res P-)- 

Lemma 3.3. Assume Hypothesis \1.4\ and let x G L 2 (A), s G K and u G Q. Then 

p+i 1 p+i 

$>(S(-, s,u)x) G L^ c ([s,oo);H ' p ) and there exist constants c > 0, C G M, independent of 
x, s and u, such that 

\\Z(t 2 ,s,x,u)\\t + c [ 2 \\V^(S(r,s,u)x)\\f' 1 dr 



ti 

t-2 



< 



\\Z(t uSj x,oo)\\ 2 2 + C (\\VQW r (u)\\ p p Xl + l)dr, Vi 2 > t x > s. 
Jh 

Proof. We use the Galerkin approximation and the notation used in the proof of unique 
existence of a solution to (11.71) in [321 Theorem 4.2.4]). Let {e^z G N} be the orthonormal 
basis of H consisting of eigenfunctions of A on L 2 (A) with Dirichlet boundary conditions. 
Then e, G C°°(A) D -Ho (A) C V. Furthermore, let H n = span{ei, e n } and define P n : 
V* ->■ #„ C C°°(A) n if<J(A) by 

P n y ■■= ^2 v*(y,Zi)v 
1=1 

Note that via the embedding L 2 (A) CH CV*, P n \ L \A) ■ L 2 (A) — > H n is just the orthogonal 
projection in L 2 (A) onto H n . Let t± > s such that Z tl G L 2 (A), let Z" denote the solution 
of 

P n Z tl + [ P n A w (r,Z?)dr, Vt > t x 



and let S? := Z? + QW t . By the chain rule, for all t 2 > h 
(3.13) \\Z» \\l = \\P n Z tl || 2 + 2 jT (A^r, Z?) 7 Z?) dr 

= \\P n Z tl || 2 + 2 ^ (A$(S r n ), 5 r n ) dr - 2 f (A$(S r n ), Q^ r ) dr. 
Jh Jti 

By the same argument as for ( 13. 7ft and with £ as defined in Lemma 11.61 we get 



(A$(S?),S?) = - <V$(S r n ), V^) = - v /< f'(5™)VC(^), = -||VC(^)|| 2 
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p+l 



and using Young's inequality 

- (A${S?),QW r ) = (V$(S r r l ),VQW r ) < e ||V$(^)||U + C £ ||VQW r|l , 

P 

for all e > and some C £ G R. By (1333]) this yields 

(3.14) \\Zl\\l < \\P n Z tl \\ 2 2 -2 P ||VCrail> 

Jti 



+ 2e [ 2 \\V$(S?)\\ P £ L dr + 2C £ I ' \\VQW r \\K_\dr. 
By the same argument as for (13.101) we realize 

l|v$mi||i<c 1 ||vc(^)||^ + c 2 , 

p 

for some constants C±, C 2 . Using this in (13.141) . with e = yields for some c > 0, C G 

(3.15) \\Zl\\l + c \\V^)\\ P lidr<\\Z tl \\l + C {\\VQW r \\l + + \ + l)dr. 

Jti p Jti 

Both Ci, C 2 and c, C are independent of x, s and ui. 



P+ 1 ,r , 1 



P+l 



Hence we obtain the existence of a <j) G L p t 2 ]; #o P ) suc h that (selecting a subse- 
quence if necessary) 



P+l , r . l, 2 ^, , , H+I/r ! £+1 



in L p ([ti, £ 2 ]; -f^o' P ) an d thus in L p ([t 1; t 2 ];L p (A)). By the proof of unique existence 
of a solution we also know that (again selecting a subsequence if necessary) 

A$(S r n ) A$(5 r ), 



p+i 



in L p ([t 1 ,t 2 \; V*) and by definition of A$ : V -> V* this is equivalent to $(SV), 

p+i p+i - 

in L p ([ti,t 2 ];L p (A)). Hence = $(5V). An analogous argument applied to Z™ yields 

— ^ Z t2 in L 2 (A). Letting n — > oo in (I3.15P we arrive at 

(3.16) \\Z t2 \\t + c P \\V^(S r )\\^dr < \\Z tl \\l + C P {\\VQW r \\%\ + l)dr. 

Jti p Jti 

Since Z s = x - QW S G L 2 (A), for all t x > s we obtain Z tl G L 2 (A) and thus fl3TT6|) holds for 
all t 2 > h > s. □ 

Corollary 3.4 (Compact absorption). There is an J 7 -measurable function k : — > 1R+ such 
that for each g > there exists s(g) < —1 snc/i that for all x G H with \\x\\ H < g and all 

|| 5(0, s, cu) a; 1 1 2 < k(u), for all s < s(g). 
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Remark 3.5. This is analogous to [731 Lemma 5.5, p. 380]. 
Proof. (13. ip in Theorem 3.1 with t?. = > t± > s implies 

\\Zo\\l < \\ZhWl-Oi / (\\Z r \\l + p 2 a \r,uj)\ dr. 
Jti 

Integrating over t\ G [—1,0] yields 

\\Z \\l<£ (\\Z r \\l + \p^\r,co)\)dr 

< J (2\\S r \\ 2 2 + 2\\QW r \\ 2 2 +\p^\r,u)\)dr. 
Hence using Corollary 12.41 and recalling that Zq = 5(0, s,u)x we obtain the assertion. □ 

4 Existence of the global random attractor 

Theorem 4.1. The random dynamical system associated with (10. Op and defined by (}1.9]) 
admits a random attractor. 

Proof. We show that the assumptions of Proposition 11.111 are satisfied. Since the embedding 
L 2 (A) H is compact, for each u G £1 the set 

is nonempty and compact in H. 

For the reader's convenience, we prove that it is a random set (cf. Definition 11.91 (i)) in 
the Polish space H. According to jT2], Proposition 2.4], it is enough to check that for each 
open set O C H, Co '■= {oj G VL\0 fl K(oj) ^ 0} is measurable. But 

OnK(u) =Or\Btf(0,K(u)) H = OC]B L 2(0,k(uj)) 
=OnL 2 (A)f]B L 2(0,K(uj)). 

For C C L 2 (A) and x G L 2 (A) let d L2 (x, C) := inf ||z - y\\ 2 . If O n L 2 (A) = 0, then C G = 

j/GC 

is measurable and if O fl £ 2 (A) 7^ 0, then 

C = {u e fi|rf L2 (0, n L 2 (A)) < 

is measurable as k is. 

Let B be a bounded subset of H. Then B C Bh{0, £?), for some £> > 0. By Corollary 13.41 
there exists a := —s(g) > 1 such that for all a; G -B, i > ts and w e fio 

9?(t, 9_ t u)(x) = S(t, 0, 9-tw)x = 5(0, — t, w)x < k(cu). 
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Hence for all t > ts,uj G f2 , (p(t,9- t u)(B) C K(cu), i.e. the random compact set K absorbs 
all deterministic bounded sets. 

Now we may apply Proposition 11.111 to get the existence of a global compact attractor 
A, given by: 



BcH, B bounded 



where Ob(u;) := f] [j (p(t,8_ t uj)B denotes the f2-limit set of B. □ 

T>0t>T 

Remark 4.2. By IT5[ Proposition 4-5] the existence of a random attractor as constructed in 
the proof of Theorem J^.l implies the existence of an invariant Markov measure fi. G Vq(H) 
for if (in the sense of IT5[ Definition 4-1]), supported by A. Hence using J73J/ there exists an 
invariant measure for the Markovian semigroup defined by P t f(x) = E,[f(S(t, 0, x))] and it 
is given by 

y.{B) = [ ( i u (B)P(du}), 



where B C H is a Borel set. If the invariant measure fi for P t is unique, then the invariant 
Markov measure fi. for if is unique and given by 

= lim tp(t, 6- t bj)\i. 

t— >oo 



5 Attraction by a single point 



So far we obtained the existence of the random attractor A for flO.Op . but we did not deduce 
any information about its finer structure. Under a stronger monotonicity condition which 
was first introduced in [T7] we will now prove that A consists of a single random point. While 
we had to restrict to noise of regularity at least Hq' p+1 (A) before, we can now allow more 
general noise. Let Q be a Hilbert-Schmidt operator from L 2 (A) — > H and Wt be a cylindrical 
Brownian Motion on L 2 (A). Then QW t is an R := QQ*-Wiener process on H. Let be an 
orthonormal basis of eigenvectors of R with corresponding eigenvalues Assume further 
SfcLi \/A*fe|l e ifc||v < °° • Then QW t defines an almost surely continuous process in V. Now 
the associated RDS to (10. Op can be defined as before. 

Define $ : K — > R to be a continuous function such that there exist some constants c > 0, 
p G (1, oo), rj > such that 

(5.17) |$(s)| < c(l + \s\ p ) 

(s - t)($(s) - $(t)) > 77|s — t\ p+ \ s,t€R. 

It has been shown in [T7] that ( 15. 17ft holds if $ G C 1 (1R), $(0) = and if there exist constants 
K, t] > such that 

(5.18) ^p^r -1 < &(s) < «(i + i^r 1 ), ser. 
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This, for example is true for $(s) = s|s| p_1 . By Remark 1 1.3 1 it is easy to see that (I5.18P implies 
the weaker monotonicity assumption (Al)'. Also note that (15.171) implies the coercivity 
property (A2). Thus (Al)-(A3) are satisfied and we can define Z t ,St and the RDS <p as 
before (cf. (USD). 

Remark 5.1. i. Obviously, for $ as in Example \1.5\ the conditions in ( 15. 17ft do not hold. 

ii. Let $(r) := J* e"cfe. Then $ G C 1 (R), < $'(r) < 1 and Hypothesis \1.4\ (hence 
also Hypothesis holds with p = 1. But obviously (15.171) above does not hold. 

Theorem 5.2. Assume (I5.17p . Then 

+ 1 2 

\\S(t, s u u)x - S(t,s 2 ,u)y\\ 2 H < ^\\S(s 2 ,s u u)x - + r]\~ (p - l)(t - s 2 )J 

_ 2 

for s\ < s 2 < t, uj G Vt and x,y G H. In particular for each t G M, lim S(t, s, u)x = r] t (ij) 

s— >— oo 

exists independently of x and uniformly in x,u. 
Proof. Let si < s 2 < t. Then for all s 2 < s < t 

S(t, Si,u)x—S(t, s 2 , oj)y = S(s, s\,u)x—S(s, s 2 , u)y+ / A$(S'(r, si, u)x)— AQ(S(r, s 2 , u)y)dr. 

J s 

+1 — +1 

By Ito's-Formula and since > A x 2 , for all s 2 < s < t: 

\\S(t, s u u)x - S(t, s 2 ,u)y\\ 2 H 
= \\S(s,s u u)x - S(s,s 2 ,u))y\\% 

+ 2 Vt (A$(S(r, S!,u)x) - A$(S(r, s 2 ,u)y),S(r, s h u)x - S(r, s 2 ,u)y) v dr 

J s 

(5.19) = \\S(s, s u u)x - S(s, s 2 ,u)y\\ 2 H 

- 2 / v, (®(S(r,si,u)x) - $(S(r,s 2 ,uj)y),S(r,s 1 ,u))x - S(r,s 2 ,u)y) dr 



< \\S(s,S!,u;)x - S(s,s 2 ,u)y\\ 2 H - 2r] j \\S(r,s u u))x - S(r,s 2 ,uj)y\\ p p +{dr 

< \\S(s,s u u))x- S(s,s 2 ,u))y\\ 2 H -fj J \\S(r, s 1} u)x - S(r, s 2 ,u)y\\ p I ^ 1 dr, 

p+i 

where for notational convenience we have set rj := 2rjX 1 2 . Thus, formally \\S(t,Si,u))x 
S(t, s 2 ,cj)y\\^j is a subsolution of the ordinary differential equation 

(5.20) h'{t) = -fjh(t)^, Vt > s 2 

h(s 2 ) = \\S(s 2 ,s 1 ,u)x - y\\ 2 H . 
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Let 

2 

h e (t) = {(\\S{s 2 ,s u u)x-y\\ H + e) 1 - p + ^(p-l)(t-8 2 )} "~\ t > s 2 . 

h e is a solution of (15.20)) with h e (s 2 ) = (\\S(s 2 , si, y||/f+e) 2 , which suggests ^(t, si, 
S(i, S2,w)?/||^ < h e (t). This will be proved next. 

Let $ £ (t) '■= h e (t) — \\S(t, si, w)x — S^t, S2, and r t = inf {t > s 2 \ > £ E (t)}. Using 

< <P e (s2) and continuity of <P e we realize r e > s 2 . Further note that by definition we have 
h e (t) > \\S(t, si,u)x — S(t, s 2 ,u)x\\ 2 H on [s 2 ,r e ] and that 

h e (t) < (\\S(s 2 , s 1 ,u)x - y\\ H + e) 2 =: c e 

Assume r e < oo. Then ^> e (T e ) < and for all s 2 < s < t < r e , by the mean value theorem 
and (J532J: 

£ £ (t) = /i 6 (*) - si, w)x - s 2 , u)y\\ 2 H 

J s 

> <2> e (s) - ?7 ( — ^— J c e 2 y <P e (r)dr. 

Using the Gronwall Lemma we obtain 

$e(r e ) > $ t {s 2 )e-^) c ^^- S2) > 0. 
This contradiction proves r e = oo and since this is true for all e > we conclude: 



\\S(t, Sl ,u)x - S(t, s 2 , u)y\\% < \ (\\S(s 2 , Sl , u)x - y\\ H f- p + |(p - l){t - s 2 ) 



2 

"p-1 



/lis A<||(p-l)(t-s 2 ) 



p-1 



2 

"p-1 



for each t > s 2 . 

□ 

Theorem 5.3. Assume (I5.17p . The random dynamical system given by ip(t, u)x = S(t, 0, u)x 
has a compact global attractor A(oj) consisting of one point 

A(u) = {fioM}. 
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Proof. Since rjo(oj) is measurable, A(u) is a random compact set. We need to check invariance 
and attraction for A(u). Let t > 0. Then for any x G i?, by continuity of x H- S(t,0, u))x 
and (dZll, (EED) 



ip(t, u)A(lu) = < S(t, 0, cu) lim 5(0, s, oj)x > = < lim S(t,s,oj)x 

s— >— oo I s— oo 

lim 5(0, s - t, 9 t oj)x\ = {vo{0tu)} = A{6 t u). 



Since the convergence in Theorem 15.21 is uniform with respect to x G H, for any bounded 
set B C H we have (again using ( 11.8" jl ) 

d((p(t,9- t u))B,A((j)) = sup ||5(£,0, 0_ t u;)x - 77o(w)||h 

= sup ||5(0, -t,u)x -7] (uj)\\ h -> 0, 

for t — )• oo. Hence -A (a;) attracts all deterministic bounded sets. 

□ 



It is easy to see that the convergence lim S(t,s,u)x = rj t (oj) implies the existence 

s— >— oo 

and uniqueness of an invariant measure for the associated Markovian semigroup, defined by 
Ptf(x) := E[/(5(i, 0, -)x)] (cf. [T7]). This invariant measure is given by /i = P o r^ 1 . In fact 
we can deduce much more. Since evidently rjo is measurable with respect to T~ (as defined 
in [13]), by [13] /i w := lim ip(t,6-tU))fi exists P-a.s. and defines an invariant measure for 

t— >oo 

the random dynamical system if (for more details on invariant random measures cf. [T5]). 
Moreover by [121 Theorem 2.12] every invariant measure for tp is supported by A = {r/o}, i.e. 
y u w({ ? 7o( w )}) — 1 f° r P-a.a. cu. Hence we have proved the following 

Corollary 5.4. There exists a unique invariant random measure fi. G Vq(H) for the random 
dynamical system if and it is given by 

= ^h, P-a.s. . 



6 Concluding remarks on computational approaches 

The porous medium equation considered here is a model case for a general type of equations 
that include more details of the permeable medium and that has important applications to 
the simulation of oil reservoirs. We refer to [1] for such an application and for an up-to- 
date finite element method that can be used for solving the deterministic version of (1.1). 
One of the major difficulties here is to account for the spatial variations (represented by the 
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functions tpj in the operator Q) by introducing different scales in the finite element subspace. 
For the quasilinear steady state equation suitable finite element approximations have been 
set up, cf. [30], [31] and the references therein. 

It seems, however, that computational methods for random attractors in infinite dimen- 
sional systems (except for the case of a singleton) are well beyond today's computational 
capabilities. 

There are a few approaches to approximate random attractors in stochastic ordinary 
differential equations [23], [24], [36]. These are based on the subdivision and box covering 
techniques developed over the last years by Dellnitz and coworkers (see [18] for a survey). 
However, these methods are essentially still limited to lower dimensions. In order to proceed 
to high-dimensional or even infinite-dimensional cases (see e.g. [39]) one will need reduction 
principles as they are well established in the theory of inertial manifolds for deterministic 
PDEs. The corresponding properties of squeezing and flattening (cf. [20], [29]) have been 
generalized to random dynamical systems in [SB]- It is also shown in J2H] that squeezing 
is a stronger condition than flattening, but that the latter one is sufficient to establish 
the existence of a compact random attractor. The determining modes occuring in these 
properties should form the basis of a reduced space to which numerical methods apply. 
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